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We discuss the anisotropies of the Hamiltonian and the wave-function in an S = 1/2 dis-
torted diamond chain. The ground-state phase diagram of this model is investigated using
the degenerate perturbation theory up to the first order and the level spectroscopy analysis
of the numerical diagonalization data. In some regions of the obtained phase diagram, the
anisotropy of the Hamiltonian and that of the wave-function are inverted, which we call inver-
sion phenomenon; the Ne´el phase appears for the XY -like anisotropy and the spin-fluid phase
appears for the Ising-like anisotropy. Three key words are important for this nature, which are
frustration, the trimer nature, and the XXZ anisotropy.
KEYWORDS: spin chain, quantum phase transition, degenerate perturbation theory, frustration, trimer
1. Introduction
In quantum spin chains, a value of the anisotropy of
the XXZ type interaction is an important factor regard-
ing to what kind of the ground state is realized. In a
case of an S = 1/2 XXZ chain, for instance, the Ising-
like anisotropy brings about the Ne´el or ferromagnetic
ground state, and the XY -like anisotropy brings about
the spin-fluid (SF) ground state (see Fig.1(a)). In a case
of an S = 1 XXZ chain, the Ising-like anisotropy also
brings about the Ne´el or ferromagnetic ground state (see
Fig.1(b)). However, this relation between the anisotropy
and the ground state is sometimes broken for frustrated
systems. In fact, a novel nature in the ground-state phase
diagram has been found by Okamoto and Ichikawa.1
That is, this relation is inverted in an S = 1/2 distorted
diamond (DD) chain3–5 with the XXZ type interaction.
Namely, the SF state appears for the Ising-like anisotropy
in some regions of the phase diagram of the ground state,
and the Ne´el state appears for the XY -like anisotropy
(see Fig.1(c)). This inversion between the anisotropy of
the Hamiltonian and that of the wave-function in the
ground state is called the inversion phenomenon. From
the viewpoint of the quantum statistical physics, this
phenomenon is novel and exotic. It is found by one of the
present authors (K.O.) that the inversion phenomenon
also appears in an S = 1/2 trimerized XXZ chain with
the next-nearest-neighbor interaction.2
In this paper, we elucidate the origin of the inver-
sion phenomenon. We discuss the generalized DD chain
model with the three kinds of the anisotropy parameters
sketched in Fig.2. The Hamiltonian is
H = J1
∑
j
{S3j−1 · S3j(∆1) + S3j · S3j+1(∆1)}
+J2
∑
j
S3j+1 · S3j+2(∆2)
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Fig. 1. Schematic diagrams of the relation between the ground
state and anisotropy for (a) a simple S = 1/2 XXZ chain, (b)
a simple S = 1 XXZ chain, and (c) a DD chain for certain
parameter sets. Here, ∆ denotes the anisotropy (see Eq.(2)), and
ferro, SF, and Haldane denote the ferromagnetic state, the spin-
fluid state, and Haldane state, respectively.
+J3
∑
j
S3j · S3j+2(∆3), (1)
where
Si · Sj(∆) ≡ Sxi Sxj + Syi Syj +∆Szi Szj , ∆ > 0, (2)
and J1 denotes the intra-trimer coupling, and J2 and
J3 the inter-trimer couplings. All the couplings are sup-
posed to be antiferromagnetic (J1,J2,J3 > 0). Okamoto
and Ichikawa1 discussed the case of ∆1 = ∆2 = ∆3.
We use the generalized version to investigate the rela-
tion between the anisotropy parameter and the inver-
sion phenomenon. Hereafter we consider a case, where
J1 ≫ J2, J3.
2. Phase diagram
Let us discuss the ground state of the Hamiltonian
Eq.(1) using the degenerate perturbation theory4, 6, 7
(DPT) up to the first order. First, we consider a J2 =
J3 = 0 case which is merely a three-spin problem. The
ground states of the j-th trimer are
| ⇑j〉 ≡ 1√2+λ2 (| ↑↑↓〉 − λ| ↑↓↑〉+ | ↓↑↑〉) (Sztot = 1/2), (3)
1
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Fig. 2. A sketch of the DD chain: solid lines, wavy lines, and
dotted lines denote J1, J2, and J3 coupling bond, respectively.
| ⇓j〉 ≡ 1√2+λ2 (| ↑↓↓〉 − λ| ↓↑↓〉+ | ↓↓↑〉) (Sztot = −1/2),(4)
where | ↑↑↓〉 denotes | ↑〉3j−1 ⊗ | ↑〉3j ⊗ | ↓〉3j+1, and λ is
a constant
λ =
∆1 +
√
∆21 + 8
2
>
√
2 (∆1 > 0). (5)
Expectation values of the z-component of the spin are
〈⇑j |Sz3j±1| ⇑j〉 = −〈⇓j |Sz3j±1| ⇓j〉 =
λ2
2(λ2 + 2)
> 0, (6)
〈⇑j |Sz3j | ⇑j〉 = −〈⇓j |Sz3j | ⇓j〉 = −
λ2 − 2
2(λ2 + 2)
< 0. (7)
An eigenstate of N -trimer system is a tensor product
of an eigenstate of the j-th trimer Hamiltonian. Since
the ground states of a trimer are doubly degenerate, the
ground states |Ψ〉 of N -trimer system are 2N -fold degen-
erate and they are
|Ψ〉 =
⊗
j
|ψj〉, |ψj〉 = | ⇑j〉 or | ⇓j〉. (8)
Next, we consider the J1 ≫ J2, J3 case, where J2 and
J3 terms can be treated as perturbations. As far as we
consider only the first-order corrections of the perturba-
tions, we regard |Ψ〉 as a basis of a whole Hilbert space.
It is convenient to introduce the pseudo-spin operator T j
with Tj = 1/2, by which | ⇑j〉 and | ⇓j〉 are expressed as
T zj = 1/2 and T
z
j = −1/2 states, respectively. The origi-
nal spin operators can be represented by the pseudo-spin
operators:
Sx3j±1 ≡ − 2λ2+λ2 T xj , Sy3j±1 ≡ − 2λ2+λ2T yj , (9)
Sz3j±1 ≡ λ
2
2+λ2
T zj , (10)
Sx3j ≡ 22+λ2 T xj , Sy3j ≡ 22+λ2 T yj , (11)
Sz3j ≡ 2−λ
2
2+λ2
T zj , (12)
within the reduced basis. By straightforward calcula-
tions, the first-order correction with respect to J2 and
J3 can be obtained as
Heff =
∑
j
[J⊥eff(T
x
j T
x
j+1 + T
y
j T
y
j+1) + J
z
effT
z
j T
z
j+1], (13)
where
J⊥eff =
4λ(λJ2 − 2J3)
(2 + λ2)2
, (14)
Jzeff =
λ2{λ2∆2J2 − 2(λ2 − 2)∆3J3)}
(2 + λ2)2
. (15)
In Eq.(13), constant terms are omitted. This effective
model is nothing but the one-dimensional spin-1/2XXZ
model. The XXZ model has three kinds of the ground
states depending on the anisotropy: the ferromagnetic
state, the SF state, and the Ne´el state. The ferromag-
netic state in the T -picture corresponds to the Ms/3
ferrimagnetic state in the S-picture, where Ms is the
saturation magnetization. Thus, the ground state of the
original system is obtained from J⊥eff and J
z
eff as follows.
Jzeff < 0 and |Jzeff | > |J⊥eff | =⇒ ferrimagnetic state
|Jzeff | < |J⊥eff | =⇒ spin-fluid state
Jzeff > |J⊥eff | =⇒ Ne´el state
From the above inequalities, the phase diagram of the
ground state with respect to three variables, ∆1, ∆2,
and ∆3, can be obtained. The examples of the phase di-
agram are shown in Figs.3-8. Figures 3-5 are examples of
the case in which the anisotropy parameters, ∆1, ∆2, and
∆3, are Ising-like. Figures 6-8 are examples of the case of
the XY -like anisotropy parameters. Although the phase
diagrams in a ∆1 6= 1 case are not shown in this pa-
per, the inversion phase also appears in that case. From
Figs.3-8, it is clear that the inversion phases generally
appear. Only in the cases of ∆1 = 1,∆2 = ∆3, however,
the inversion phases do not appear.
As a numerical check, we have also performed the nu-
merical diagonalization using the Lanczo¨s method and
the level spectroscopy analysis.8–11 We found that the
numerical results are in good agreement with the results
of the perturbation theory as shown in Figs.3-8.
3. Discussion
Let us discuss the ground-state phase diagram of the
DD chain qualitatively. First, we consider a case where
∆2,∆3 > 1. We note that the following discussions are
qualitatively independent of ∆1. We discuss a correlation
of neighboring trimers. Figure 9(a) shows a case where
the two trimers are neighboring each other with | ⇑j〉
and | ⇑j+1〉. Figure 9(b) shows a case where they are
neighboring with | ⇑j〉 and | ⇓j+1〉. The couplings J2 is
frustrated for Fig.9(a) since all the interactions are anti-
ferromagnetic. Thus, we can consider that the situation
of Fig.9(a) is stable for larger J3, while it is unstable for
larger J2. On the other hand, the coupling J3 is frus-
trated for Fig.9(b). Thus, we can also consider that the
situation of Fig.9(b) is stable for larger J2, and unsta-
ble for larger J3. Of course, we did not mention that
the phase boundary is J2 = J3 because its slope will de-
pend on the values of anisotropies, as is expected from
Eqs.(6)-(7). We obtain the qualitative sketch of the phase
diagram shown in Fig.10(a); the area of J2 < J3 is the fer-
rimagnetic phase and that of J2 > J3 is the Ne´el phase.
Next, we discuss a case of ∆2,∆3 < 1. The ordering
effect of the couplings J2 and J3 are weak, because the
∆2 and ∆3 are XY -like. Therefore, a whole area of the
J2-J3 phase diagram where J2, J3 ≪ J1 will be the SF
state (see Fig.10(b)). Comparing Fig.10 with Figs.3-8,
we can see that the above discussions hit the point.
Let us proceed to the inversion phase. For Figs.4-5
and Figs.7-8, the inversion phase appears in an area
J1 ≫ J2 ∼ J3 where the trimer nature is still conspic-
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Fig. 3. A phase diagram for J1 = 1,∆1 = 1,∆2 = ∆3 = 2.5.
Solid line denotes the DPT result, and dots denote the numerical
result.
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Fig. 4. A phase diagram for J1 = 1,∆1 = 1,∆2 = 2.5,∆3 = 1.5.
Solid lines denote the DPT result, and dots denote the numerical
result.
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Fig. 5. A phase diagram for J1 = 1,∆1 = 1,∆2 = 1.5,∆3 = 2.5.
Solid lines denote the DPT result, and dots denote the numerical
result.
uous, and J2 and J3 strongly compete with each other.
We present an intuitive explanation in this competitive
area. The interaction along the z-direction is stronger for
the Ising-like case, by which the system is well-ordered to
the Ne´el state in usual cases. However, the ordered state
undergoes more energy loss in this area due to the com-
petition between J2 and J3. Thus, the spins are going
to lie in the XY plane to avoid this energy loss, which
brings about the disordered SF phase. A similar expla-
nation holds for the XY -like case. The spins are going to
lie in the XY -plane in usual cases, which corresponds to
the SF state. In our case, since the energy loss due to the
competition between J2 and J3 is serious, the spins are
going to be pointed along the z-direction. Then, the or-
dered state (Ne´el or ferrimagnetic state) is realized. An-
other possible mechanism to avoid the energy loss due to
the competing interactions is to form a singlet dimer pair.
This mechanism is well known for the S = 1/2 chain with
the next-nearest-neighbor interactions.12, 13 However, the
formation of the singlet dimer pair is irreconcilable with
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Fig. 6. A phase diagram for J1 = 1,∆1 = 1,∆2 = ∆3 = 0.5.
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Fig. 7. A phase diagram for J1 = 1,∆1 = 1,∆2 = 0.6,∆3 = 0.2.
Solid lines denote the DPT result, and dots denote the numerical
result.
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Fig. 8. A phase diagram for J1 = 1,∆1 = 1,∆2 = 0.2,∆3 = 0.6.
Solid lines denote the DPT result, and dots denote the numerical
result.
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Fig. 9. Schematic diagrams for the cases where two trimers are
neighboring each other with (a) | ⇑j〉 and | ⇑j+1〉, and (b) | ⇑j〉
and | ⇓j+1〉. The shadow denotes a frustrated pair of spins.
the trimer nature. Therefore, the dimer phase does not
appear for J1 ≫ J2, J3, where the trimer nature is con-
spicuous. In fact, we have found that the dimer phase
appears in the regime J1 ∼ J2 ∼ J3.14 Thus, we have
intuitively explained why the inversion phenomenon ap-
pears in this area.
Thereby, it seems that the origin of the inversion phe-
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Fig. 10. Schematic phase diagrams with the qualitative argument
for (a)∆2,∆3 > 1 (Ising-like) case, and (b)∆2,∆3 < 1 (XY -like)
case.
nomenon is frustration, the trimer nature, and the XXZ
anisotropy. In addition, the above discussion can also pre-
dict the location of the inversion phase. The inversion
phase in Fig.4 is located on the upper left side, com-
pared to that in Fig.5. This is because of the magnitude
relation between ∆2 and ∆3 as explained in the follow-
ing. In the above discussion, only the couplings J2 and
J3 are considered as the ordering effect. However, not
only J2 and J3, but also ∆2 and ∆3 govern the orders.
When ∆2 > ∆3, the Ne´el state area becomes wider in
Fig.4, and the inversion phase is located on the upper
left side. On the other hand, the ferrimagnetic state area
becomes wider in Fig.5 because ∆2 < ∆3; this helps for
the role of J3. Comparing Figs.7-8, we can also develop a
similar discussion. The inversion phase is the Ne´el phase
in Fig.7, and it is the ferrimagnetic phase in Fig.8. When
J2 and ∆2 (J3 and ∆3) are relatively strong in compar-
ison with J3 and ∆3 (J2 and ∆2), the more stable state
is Fig.10(b) (Fig.10(a)). Thus, the Ne´el ordering effect is
stronger for Fig.7, and the ferrimagnetic phase appears
for Fig.8. We can interpret that the Ne´el phase (the fer-
rimagnetic phase) is selected as the inversion phase in
Fig.7 (Fig.8).
The phase diagrams of the cases of Fig.3 and Fig.6
are remarkable. The inversion phase does not appear in
these phase diagrams. The result of the analytical cal-
culation indicates that the inversion phases are always
absent when ∆1 = 1 and ∆2 = ∆3. The physical reason
of the absence of the inversion phenomenon has not been
understood yet.
Finally, we consider the origin of the inversion phe-
nomenon in view of the effective model, Eqs.(13)-(15).
The effective coupling constants J⊥eff and J
z
eff are con-
structed of the subtraction of the terms proportional to
J2 and J3. Of course, the subtraction comes from the
competition between couplings J2 and J3. It can be man-
ifestly expected that this subtraction causes the inversion
between the anisotropy of the original model and that of
the effective model. For instance, we discuss the case of
∆1 = 1, where J
z
eff/J
⊥
eff = (∆2J2 − ∆3J3)/(J2 − J3).
When J2 ≫ J3, we see Jzeff/J⊥eff ∼ ∆2 and Jzeff > 0.
Meanwhile, when J2 ≪ J3, it becomes Jzeff/J⊥eff ∼ ∆3
and Jzeff < 0. Thus, we obtain the schematic phase dia-
gram Fig.10. This agrees with the result of the previous
qualitative discussion. On the other hand, when J2 ∼ J3,
Jzeff/J
⊥
eff can be Ising-like (XY -like) in spite of the XY -
like (Ising-like) ∆2 and ∆3. Here the subtraction plays a
crucial role.
4. Conclusion
In this paper, we investigate the phase diagram of the
ground state of the DD chain with the XXZ type in-
teraction using the degenerate perturbation theory as
well as the level spectroscopy analysis of the numeri-
cal diagonalization data. The obtained phase diagrams
indicate that the inversion phase is stable to various
sets of anisotropies. Our discussion suggests that frus-
tration, the trimer nature and the XXZ type interaction
are necessary for the inversion phenomenon. In fact, it
has been found in the S = 1/2 trimerized XXZ chain
with the next-nearest-neighbor interactions,2 and also in
the S = 1/2 frustrated three-leg ladder with the XXZ
anisotropy.15 Therefore, we conclude that the inversion
phase may appear in the phase diagram of the ground
state for models with these three key words. Unfortu-
nately, real materials corresponding to the above mod-
els have not been found yet. However, our prediction of
this interesting phenomenon may become a motivation
of searching or synthesizing the corresponding materials.
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